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PREFACE

This Memorandum reports on recent work which is part
of a continuing RAND Corporation study of the mathematical
and computational aspects of chemical equilibrium theory
(see, for example, [4-~13]). It may also be regarded as
representing part of RAND's work in mathematical programming
(see bibliography in [3] ) because it deals with a subject
of more general mathematical interest than many of the
previous RAND publications in this series.

RAND's research in chemical equilibrium theory is
complementary to its continuing research on the application
of mathematics and computer technology to biochemistry and
human physiology [14-21], and is also applicable to, for
example, studies of the atmospheres of the earth and other
planets, to the computation of the characteristics of
propulsive fluids, and to the examination of certain reentry

problems.



ABSTRACT

This Memorandum obtains necessary and sufficient
conditions so that the solution of a constrained minimiza-
tion problem will vary continuously when the constraints
and objective function are varied. It also obtains special
results in the case that the constraints are linear

inequalities.
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ON THE CONTINUITY OF THE MINIMUM SET OF A
CONTINUOUS FUNCTION

In this Memorandum we are concerned with the question:
How does the solution of a constrained minimization problem
vary when the constraints and/or the objective function
are varied? In particular we ask for conditions on the
constraints, the objective function, the manner in which
the constraints are varied, and the manner in which the
objective function is varied, for the minimum (or more
precisely, the point at which the minimum is attained) to
vary in some sort of '"continuous'' manner.
| One difficulty is that the minimum may not be unique.
We resolve this difficulty in two different ways: (1) By
dealing with the set of minima and using an appropriate
notion for the continuous variation of a set. (2) By
finding conditions for the continuous variation of the
minimum, whenever it is unique.

It turns out that the variation of the objective
function offers little difficulty and can be dealt with
easily in two theorems. Thus, we concentrate largely on
the dependence of the set of minima (or of the unique
minimum) on the constraint set.

In Part I we deal with the general problem. In Part
II we deal with the special case that the constraint set
is defined by linear inequalities and equations. That is,
we ask for conditions that the set of points, x, which

minimize £(x, p) subject to the constraint that ax < b,



==

is a "continuous" function of the parameters p, the matrix

a, and the vector b.

Here £ 1s a real-valued function

defined on E" x P, where P is the space in which »p

varies.



THE GENERAL PROBLEM

Section I.1

Let {An] be a sequence of subsets of a metric space

X. We define the outer limit, Iim A, by

n—w

lim A_ = {xeX|x = lim x_ , where ([n;,]}] 1is an
n—~e n e ni i
infinite subsequence of the integers

and x. € A_ }.
L L]

We define the inner limit, lim An’ by

n-—e

lim A_ = {xeX|x = lim x_, where x €A for

n-w n n-e n

all but a finite number of n}.

If Iim A = lim A we say that the limit, lim A, exists
n-—w H:; n N=o

and set

lim A = Tim A_ = lim A .
n-x n—x n N—® »

If Y is any subset of X, then Y 1is the topological
closure of Y and Bndry Y is the boundary of Y.

The following properties follow immediately from the
definitions. We let I denote the set of all infinite

subsequences (n;] of the positive integers.



(I.1.1) Tim A = U limA_ .
n—w (ng)el i~ ny

S (1.1.2) lmA = n Tima

£ now O [ni}eI i-w ni.
¥ Ly “ = Y
(I.1.3) TimA_= N (;u ,
n~= 0 m=1‘n=m An)
(I.1.4) Tim A. and 1lim A_ are closed.
n-« n—e 0
(I.1.5) If A B for all sufficiently large n,

then 1lim An c lim B and 1lim A_ < lim B.-

n—e« n-—« n-—w n-—wo

(I.1.6) If A, = A for all sufficiently large n,
then 1lim A exists and is equal to A.
n-—owo :
(I.1.7) 1f A is a sequence of convex subsets of

En, then %1@ A is convex.

Suppose that F 1is a set-valued function from the
metric space X to the metric space Y. That is, suppose
the domain of F is X and that the range of F consists
of subsets of Y. We define F* to be the function which
is defined for those x € X for which F(x) contains
exactly one element, and F*(x) 1is defined to be that
element. Following Berge ((1], p. 111) we say that F is

closed at the point x5 € X if, for all sequences

fx ,} ¢ X and {y,} €Y satisfying
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X, ~ Xgs ¥y " Yor Yp € F(xn), we have y, € F(xo)- With

the above terminology this becomes: For all sequences

{xn] c X with x - x5, we have iif F(xn) c F(xo). We

say that F 1is closed if it is closed at each point x € X.
Note that the associated single-valued function F¥*

need not be continuous even though F 1is closed. For

example, the set-valued function from the reals to the

reals given by

(-,1;} if x¢% 0,
F(x) =
(0) if x=0.

is closed, but F* 1is discontinuous at zero.

If F 1is closed, then F* is cont;puous if and only
if F* takes compact cets onto compact sets.

If ¢ 1is a real valued function on a metric space X
and H 1is a subset of X, we define M(¥|H) to be the

subset of H where ¢ achieves its minimum. More precisely,
M(?|H) = {xeH|P(x) = inf{P(y)|yeH}}.

Note that M(¥|H) may be thought of as the set of
solutions of a constrained minimization problem. If H
is g set-valued function from a metric space T to X,

then M(¢|/H(t)) defines a set-valued function from T to
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X. We will be interested in finding conditions for this
function to be a closed function of t and for the
associated point-valued function M*(¢IH(t)) to be continuous.
The remainder of this section is devoted to several
results which we will find useful in the sequel. Most
readers will prefer to defer them until completing the

rest of the paper.

Theorem I.1.8. Let X be a metric space

and let [An} be a sequence of connected
subsets of X. Let U be an open subset of

X with compact boundary. If 1lim An is

n-oco
nonempty and 1lim A < U, then A < U for
n-—®

all sufficiently large n.



Proof. Let x € lim A < lim A < U. There is a
n—o n—«
sequence f{x ] with x - x and x ¢ A for n large.

Hence, X, € An N U for n 1large. Suppose the conclusion
does not hold. Then we can find a sequence {ni] and

points y, € Ani such that y, ¢ U.

For i sufficiently large, xni € Ani " U and
y; € Ani — U. Hence, since Ani is connected, there is a
point z; € Ani N Bndry U. Now Bndry U 1is compact, so a
subsequence of the z; converges to a point z € Bndry U.
But z ¢ limA < U. Q.E.D.

n-e

Theorem I.1.9. Let X be a locally

compact metric space and let (A,) be a
sequence of connected subsets of X. If

lim An is nonempty and lim An is compact,
n—wo n—o

then 1lim A is connected.
n—e 0

Proof. Suppose not. Then there are disjoint open
sets U, Vc X such that limA < UUu V, and UM lim A,

n-e n-=
and V N lim An are both nonempty. Since 1lim An is
n-—w N—x
compact and X 1is locally compact, we may choose U and
V so that U U V 1is compact. Hence, Bndry (U U V) is

compact. By Theorem I.1.8, A,cUuV for n sufficiently

large.
Let x € ;iz A.n and let x, = x with x_ e Al for
n sufficiently large. We have x € lim An cUuUV, so we
n-e

may assume Xx € U. Then, for n sufficiently large,



An cUuyV and X, € An N U. Since An is connected,

A, cU for n sufficiently large. Hence, 1im A < U.

n-

But UN V=9, so this contradicts the assumption that
VN lim An is nonempty. Q.E.D.

n-—e

Theorem I.1.10. Let (An} be a sequence

of subsets of the metric space X. Let U be

an open subset of X and suppose that

Lin )nTc(lim A )N U. Then lim (A N T) =
Ay 0 U e (lima)

lim A )N T.

Proof- A NUcA and A NUcU, soby (I.1.5)

and (I.1.6), lim (A nv c (lrm A > N U. By assumption,
N~

f11mA>ﬂch1mA>ﬂU Let x € (lim A_) N U. Then
n—’ﬂ
X = 1lim x_, where x_€ A for n sufficiently large and
g D n - “n
x € U. Therefore, x, € A NUcCA_ NT for n
sufficiently large, so x € lim (A N U). This set is
n-e
closed, so (;;gAnnuuc lim (A N T). Q.E.D.
n-o n-e

Theorem I.1.11. Let y be a point in E™

and let [Hn] be a sequence of nonempty closed
subsets of E'. There is a nonnegative convex
function ¢ defined on E" such that
M(?|E™) = {y} and M(¢|Hn) = {xn} for some

€ H. Furthermore, given any such ¢, if

y € lim H then y = lim X

n-o n-o

Proof. We construct a sequence {x} of points in




L[] m . ]
of functions on E  such that each sequence is defined

for 0 <n < =® x5 =y, and such that for n > O:

1) A, >0,
Aﬂ

(2) Ay <18

(3) Ally - x|l < —2%;

n
%) ¢.(x) = 13 Agllx = x4,

(3) Xn+l © M((pn|Hn+1)’

where || + | denotes the usual norm in E.

Set xq =y, Ag =1, and p(x) = |x - xoV. Suppose
that x;, A;, and ¢E are defined for 0 (i < n. Then
M(% |H ,;) 1s nonempty because H ,, 1is closed and
nonempty, and for any real number b, {erm'¢h(x) < b} is
bounded. Choose x ., € M(¢%|Hh+1)- Choose A_.; to be
any real number satisfying (1), (2), and (3). Define ¢h+1
by (4)-

We now define

P(x) = lim ¢ _(x) = 2 A Ix — x_|-
e D n=0 D n
To show that this limit exists it suffices to show that

lim = Ain - xiH = 0. But
n—e i=n
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i) A - i A — vyl + Z‘: A lly —
Z Ayl "i“(i-n ) Ix =yl Z Ay - %]

which tends to zero as n - » by virtue of (2) and (3).
Since ¢ 1is the pointwise limit of nonnegative convex
functions, it is nonnegative and convex.

Let Hj = E" and we will show that ¢ achieves its
minimum on H uniquely at X for n > 0. Note that if
we set ¢L1 = 0, then (5) holds for n = —-1. Let x € Hn’

x ¥ x . Then

Px) — P(x) = @1 (x) =@ (x) +A|x-x|

+ oD Al = xg = Ty = xglD

2 ¢n_1 (x) - (pn—l(xn) + An lx — an

+ 2 A (x - x,0 - Ix. — x| = Ix = x, 1)
i=n+1 i 1” Il i

= ¢ -9 + - 2 A)Ix — x|
n—1 (%) n—1(%p) (4, {=n+1 i) % = %
2 ¢;_1(x) - ¢;—1(xn) i % Ah“xn - x|

by (2). Hence, by (5)

P(x) = P(x)) >3 A lx — xI > 0.
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This proves the first part of the theorem.

Now suppose y € lim H . Then there is a sequence

n-—eo

[yn] with y e H and y -y. Since ¢ 1is convex on

Em

> ¥Y(y), so ¢(xn) - ¢Y(y). Let € > 0. Let

it is continuous, so ¢(yn) ~ ¥(y). But ¢(yn) > ¢(xn)

6 = min{?(x)lerm, lx — yll = €} = ¢@(y).

The minimum exists because ¢ 1is continuous and the set
{xeE"|!x — y! = €} 1is compact. Furthermore, 6 > 0 because
¢ achieves its minimum uniquely at y. Let N be so
large that [P(x)) — ¢(y)| < 6 for n > N.

Suppose that for some n > N, Hxn —y! > €. Then
there is a t with 0 < t < 1 such that if

x = tx  + (1-t)y, then Ix — y'! = €. Hence,

P(y) +0 < 9(x) < tP(x ) + (1-t)P(y)
< t(P(y) + 0) + (1-t)¥9(y)
< P(y) + 6.

This is a contradiction. Therefore, "xn -yl < e for

n>N, so x -vy. QE.D.
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Section I.2

In this section we obtain necessary and sufficient
conditions on the variation of ¢ and of H so that
M(Y|H) varies in a closed manner. We first obtain a
necessary condition on the variation of H, assuming ¢

to be an arbitrary but fixed continuous function.

Theorem I.2.1. Let T and X be metric

spaces, and let H be a set-valued function
from T to X. Suppose that for every

continuous ¢¥: X - R the set-valued function
t - M(?/H(t))

is closed at the point ty € T. Then, for
every sequence [tn] T with t_ - t,,

lim H(t ) 4is either empty or equal to H(tg)

n-oaa
Proof. Let [tn] c T be a sequence with t - tg,.

Suppose 1lim H(tn) is nonempty. Then there is an
n-— e
Xg € %%% H(tn) and Xy = %iﬂ x, where X, € H(tn) for

n sufficiently large. Define ¢: X - R by

P(x) = inf d(x, xn),
n
where d is the metric in X. We have ¢(x) > 0 for all

x. P(x)) =0 and x € H(t)) for n large, so
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M(¢!H(tn)) for n large. Consequently, since ¢

is continuous,

Xg = lim x_ € lim M(?IH(t )) < M(PIH(ty)) < H(tp)-

Therefore, 1lim H(t ) < H(ty).

n—e®
Suppose that lim H(t ) # H(to) Then there is a
n—om
point xb € H(to) with xO ¢ lim H(t ). Hence, there is

n-w
an € > 0 and an infinite subsequence (ni} of the

positive integers such that
d(xé, H(tn )) > e for all i.
i
Define y: X - R by

Y(x) = min (d(x, xb), inf d(x, xn) + €).
n

For x € H(tn ), ¥(x) > €. Now ?[/(xn ) = ¢, so
i i
xni € M(le(tni)). Since iiﬁ tni = ty, we have

Xg = 1_1‘12 xni € i_m M(v[H(t )) c M(¥IH(ty)) -

But

Vi) = Lim vlx, ) =€ > 0 = y(x))
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' and x6 € H(ty), so this is a contradiction. Q.E.D.
We now prove the converse of Theorem I.2.1 in a

g strengthened form.

Theorem I.2.2. Let H be a set-valued

function from the metric space T to the metric
space X. Let tj € T and suppose that for
every Sequence (tn] < T with t_ - tg,

lim H(Tn) is either empty or equal to H(tg)-
E;: {¢;} and ¢ be continuous real-valued
functions on X such that ¢h - ¢ uniformly

on compact sets. Then, for each sequence

{tn] c T with t - t,,

%%% M(¢;|H(tn)) & M(¢|H(t0)).
In particular, taking ¢% = ¢ for all n, the

set-valued function
t - M(PIH(t))

is closed at tO'

Proof. Let (t )} ¢ T with t, = ty:- Suppose

Xg € %%% M(?%lﬂ(tn))- Then Xg = ;EE X where
x € M(¢%|H(tn)) for n large. We have x, € %%% H(t ),
so lim H(tn) = H(to). Let xé € H(to)- Then x6 = lim xé,

n—eo N
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where xé € H(tn) for n large. Hence, ¢%(xn) £ ¢;(x6)
for n large.

The set consisting of the points ({x_ ], [xé], Xy, and
x6 is the union of two convergent sequences together with
their limits, so it is compact. Now ¢% ~ ¢ uniformly on

compact sets. Consequently,

¢Kx0) = lim ¢%(xn) < lim ¢h(x$) = ¢(x6).

n-o n-e

Since this holds for every x; € H(ty), x5 € M(¥[H(ty))-
Q:E.D.

Corollary I.2.3. Suppose that the functions

(¢%} and ¢ in Theorem I.2.2 have the form

@ (x) = ¥(x, p,),
?(x) = ¥(x, o)

where ¢ 1is a continuous real-valued function
on X x P, P is a metric space, [pn} and p,

are points in P with P, ~ Po- Then

lim M(¥_IH(t_)) < M(PIH(ty)) -

n-—e

Proof. It suffices to show that ¢ - ¢ uniformly

on compact subsets of X. Let Q c X be compact and let
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€ > 0. For each x € Q there is a neighborhood Ux of
x in X and a neighborhood V. of Pp in P such that

|[¥(y> p) — ¥(x, pg)| < % for ye U, and P e V.. The

.
Ux]er
finite subcovering. Let V = Ve

form a coVering of Q. Let U, , ..., U be a
X1 Xn
Ae..N Vy + Now V is a
1 n
neighborhood of Pg: SO there is an N such that p, €V
for n > N. Let x € Q and let n > N. Then x ¢ U,
i

for some i and P,+ Pg € V c in- Hence,

12 (x) — 9()| = |¥(x, p) = ¥(x, py)|

< W p)) — ¥(xgs ppd! + [¥(xys pg) — ¥(x, pp)l < e

Q.E.D.

If H 1is a set-valued function from the metric space
T to the metric space X, Theorems I.2.1 and I.2.2 give
necessary and sufficient coaditions on H for the set-
valued function t - M(?|H(t)) to be closed for every
continuous ¢:; X - R.

Furthermore, taken together with Corollary I.2.3, they
imply, roughly speaking, that if the variation of H is
such that M(¥Y|H) varies in a closed manner for each fixed,
continuous ¢, then M(¥|H) varies in a closed manner if
¢ 1is allowed to vary by means of a parameter in which it
is continuous. The next corollary treats the case of fixed

H and variable ¢. This result has a simple direct proof
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and is almost certainly known, although we have not found

a reference.

Corollary I1.2.4. Let H be a metric

space. Let ¢h and ¢ be continuous real-
valued functions on H such that ¢% - ¢

uniformly on compact sets, then

lim M(¥_IH) © M(9|H).

N—w

Proof. Clear from Theorem I.2.2. Q.E.D.

It is clear from Theorem I.2.1 and I.2.2 and Corollary
I1.2.3 that the closed variation of M(¥|H) with variation
of ¢ and H 1is reduced to the closed variation of

M(¥|H) with fixed ¢ and variation of H.
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Section I.3

In this section we find conditions for M*(®IH(t))
to be a continuous function of t. Our results on this

problem apply only in a much more limited context.

Theorem I.3.1. Let H be a set-valued

function from the metric space T to E".

Suppose that H(t) 1is closed for each t € T.

Let T' be the subset of T consisting of

those points t for which H(t) 1is nonempty.
Let tg ¢ T'. Suppose that for every

nonnegative convex ¥: E' - R the function
t - M*(¢|H(t))

is continuous at to if to is in its domain.
Then for every sequence [tm} c T' with

tm - to)

éﬁg H(tm) = H(to).

Proof. Let [tm] c T' be a sequence with t, = to

We first show that Tim H(t ) c H(tg). Let yq € Tim H(t ).

m-e z m—e n

Then 1y, ¢ lim H(tm ) for some infinite subsequence (mi]
1~ b

of the positive integers. Applying Theorem I.1.11 with

H, = H(to) and Hig = H(tmi) for i > 0 we obtain a



-19-
nonnegative convex function ¢: E" - R with

s (9IH(E, D) = %y,
1
M*((pIH(tO)) = XO;

and
X3 = Yo
Since t - M*(¢/H(t)) 1is continuous at to

Yo = 132 X; = 1&2 M*(¢|H(tmi)) = M*(¢|H(to)) = Xy € H(to).

Now we show that H(to) c lim H(t_). Since 1lim H(t ) c
—— mee O mee 0
lim H(tm) by (I1.1.2), this will complete the proof.
m-e

Let yqg € H(to) and apply Theorem I.1.11 with H = H(tm).

We obtain a convex function ¢ with

M*(?IH(tm)) =X
and

M*(¢|En) = Yo

Since 1y, € H(to) and ¢(y0) < P(x) for all x € E",
Yo = %o+ Therefore,
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Yo = M*(#|H(tg)) = lim M¥(P|H(t_)) € lim M(?|H(t_))

m—t@ m—e

< lim H(t_ ). Q.E.D.
m—®
As the following example shows, the converse of
Theorem I.3.1 is false.

Example. Let T = [0, «) and EN = E2. Let

(((£,0), (¢, — 1/£)) if t >0,
H(t) -ﬁ

l.[(0,0)] if t = 0.

Then T' =T and lim H(tn) = H(t) whenever t_ - t.

n—w

1f we define ¢: E2 - R by

X2
¢(x1, x2) = e °,

then ¢ 1is convex and nonnegative and

'{(t, -1/t)} if t > 0,
M(P|H(t)) = {

h((O,O)] if t = 0.

Heace M*(¥|H(t)) 1is defined for all t € T, but it is

discontinuous at t = 0.

We now prove two restricted converses of Theorem I.3.1.
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Theorem I.3.2. Let H, T, and T' be as

in Theorem I.3.1. Suppose that H(t) is
connected for each t € T'. Let tg € T' and
suppose that H(to) is compact and, for every
sequence (tn} c T' with t, — tg, we have

lim H(tn) = H(to)- If ¢: E® = R is continuous,

n-—e

then the function
t - M*(?|H(t))

is continuous at to if to is in its domain.

(Note. Theorem I1.3.2 does not assume that ¢ is
convex. )

Proof. Suppose t, 1is in the domain of M*(%|H).
Let {tn} be a sequence of points in the domain of

M*(¢|H) with t - t;. Then ({t } c T', so lim H(t ) =

n-e
H(to)- Now H(to) is compact, so it is contained in a
bounded open subset U of E'. We have lim H(tn) =

n—®

H(t) $ ¢ and TIim H(t ) = H(ty) = U. The boundary of
n-m
U 1is a closed bounded subset of E", so it is compact.
Hence, by Theorem I.1.8, H(t ) ¢ U for n sufficiently
large.
The sequence {M*(¢!H(tn))} is bounded, so if it
does not converge to M*(¢|H(t0)) then there is an infinite

sequence {ni} such that M*(¢|H(tni)) -~ X, where
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X %+ M*(¢|H(to)). Now tni = ty, so by Theorem I.2.2

¢ Lim M(PIH(t, )) < M(PIH(tg)) = {M¥(PIH(tR)))-
1

j—o

X0

This is a contradiction. Hence M*(¥IH(t )) - M*(?|H(tj))-
Q.E.D.

Recall that a real-valued function ¢ on E% is
quasi-convex if, for every real a, the set of x for
which ¢(x) < a 1is convex. Every convex function is

quasi-convex.

Theorem 1.3.3. Let H, T, and T' be as

in Theorem I.3.1. Suppose H(t) 1is closed
and convex for every t ¢ T. Let tj¢ T'

and suppose that for every sequence {t } c T'
with t, ~ to 1}1_1‘::: H(tm) = H(to)- Let ¢ be
a continuous, quasi-convex function on E".

1f M(¢|H(to)) is nonempty and

M(¢lH(t0)) c U where U 1is a bounded open
subset of E", then M(Y|H(t)) =« U for all

t 1in some neighborhood of ty-

Proof. Let M = M(¢ﬂH(to))- Now M 1is closed and
bounded so it is compact. Hence, since M c U,
d(M, E* - U) = ¢ > 0. Let V= {xeE"|d(M,x) < €}. We

have Mc Vc U and V is an open bounded subset of E.
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The set H(to) "V cH(ty) N V which is closed, so

H(tg) "V c H(to)” V. Let x € H(ty) " V. Then d(x,M) < €
and, since M 1is compact, d(x,M) = d(x,y) for some
yeM H(to). Let 0 <A< 1l. Then Ay + (1-A)x € H(to)

because H(to) is convex. Furthermore,
dy + (1-M)x, M) < d(Ay + (1M)x, y) = (1-A)d(x, y) < €,
so Ay + (1-A)x € V. Therefore,

X = %ig Ay + (1-\)x € H(to) nv.
!

Hence, H(ty) " V = H(ty) 0 V.

Suppose the conclusion of Theorem I.3.3 does not hold.
Then there is a sequence {tm} cT with t - t; such
that M(¢lH(tm)) is not contained in U. Hence, M(¢4H(tm))
is nonempty, so f{t } c e

Let T be the subspace of T' consisting of the
points {tm} and the point tg. Let ﬁ be the set-valued
function from T to E° given by ﬁ(t) = H(t) N V. 1If
{Em} € i c T' 1is a sequence with Em = ty, then lim H(Em) =

m—e®

lim H(t_) = H(ty). Now H(tg) N V= H(ty) NV, so, by

m-®

Theorem I.1.10,

Lim H(E ) = Lim (H(E) N V) = H(ty) 0 ¥ = H(ty).

m—.“ m-oa
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For each m, the set ﬁ(tm) is compact, so there is
| a point x € M(‘Plﬁ(am)). By assumption, there is a point
L Y € M(S”IH(tm)) which is not in U and hence not in V.
Now x_ € V, so the line segment (x,, y,] contains a
point z  in the boundary of V. We have X0 Yy € H(tm)
which is convex, so z, € H(tm)- Therefore, z € ﬁ(tm).
Now ¢(y ) < P(x,) and ¢ is quasi-convex so ¥(z ) < 9(x)-
Hence, 2z« M(‘PIH(t )). There is an infinite sequence
[mi} such that z ~z where 2z 1is in the boundary of

i
V. By Theorem I.2.2,

z=1lim 2z im (9"|H(t )) c M(‘PlH(tO)) (= M(‘PlH(to)

i-e “‘i 1

But this contradicts the assumption that M(‘PlH(to)) c V.
Q.E.D.

Corollary I.3.4. Under the hypothesis of

Theorem I.3.3, the function

t - M*(Y|H(t))

is continuous at to whenever t0 is in its

domain.

Proof. Immediate. .E.D.
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II
LINEAR CONSTRAINTS

Section II.1

In Part II we study the continuity properties of
M(?P/H) and M*(¢/H)., where ¢ 1is a real-valued function
defined on Em, and where H 1is defined by linear
inequalities. In particular, we wish to obtain conditions
for M(¥YIH) to be a closed function and M*(¥|/H) to be
a continuous function of the parameters in the linear
inequalities defining H. According to the results of
Part I, we need only look at the behavior of 1lim Hij and
Tim Hi’ where {Hi] is a sequence of subsets ogaEuclidean
é;;ce, the Hy being defined by linear inequalities whose
parameters converge as i - .

Since every linear equality can be represented by two
linear inequalities, results for constraint sets defined
by systems of linear inequalities can be applied to constraint
sets defined by systems of linear equalties and linear
inequalities.

We first wish to establish some basic notions and
results.

By an affine function f: E" - E® we mean a function

definable by f(x) = ax + b, where a is an m by n
matrix and b 1is an m-dimensional column vector. Note

that f defines a and b wuniquely. The functions

f(x)l, YL ] f(x)m will be called the coordinates of f£.
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, The numbers {aijll <i<m 1<j<n} and fbrll < r<m}

will be called the coefficients of f. Every affine

function f, from E° to E", can be identified with the
point in E(n+1)m defined by its coefficients. Thus, the
set of affine functions from E" to E" can be regarded
as a metric space.

If x, y ¢ E", then the statement x <y will mean
that X; < ¥4 for each pair of corresponding components

Xj» ¥4+ By x <y we mean that x; <y, for each 1i.

Proposition II.1.1. Let {fr} and f Dbe

m

affine functions from E" to E™. The follow-

ing statements are equivalent:

(a) f£* - f,
(b) fr(x) - £(x) for each x e E",
(c) fr(x) - £(x) wuniformly in x

on every bounded subset of E".
Proof. Immediate. Q.E.D.

If f 1is an affine function from E" to Em, then

H(f) will denote the subset of E" defined by
H(f) = {x ¢ E"|£(x) < 0}.

We will also consider the set function
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where C 1is a fixed subset of E". This set function will
be denoted H N C.

We are thus interested in the behavior of such objects
as lim (H(fF) N C) and Tim (H(fF) N C) for convergent
sequ:;:es, {£5}, of affiner;znctions.

Theorem. Let C be a closed convex set
with nonempty (topological) interior. Let £
and {fr} be affine functions from E" to

m

E with £ - f. Then

(II.1.2) Tim (H(fF) n C) < H(f) N C,

r—o

(I1.1.3) 1lim (H(fr) N C) 1is a closed convex
Y-
subset of H(L) N C,

(II1.1.4) if H(f) N C has nonempty interior
and no component of £ is identi-
cally zero, then 1lim (H(fr) NCs=

r—o
H(f) N C, and

(II.1.5) if H(f) N C has empty interior or
some component of £ 1is identically
zero, then, for any closed convex

subset Q of H(f) N C, the functions

£r may be chosen so that
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lim (H(fF) N C) = Q.

? Gl

Proof of (II.1.2). Let x € 1im H(f%) n C). Then

r—o

T
X = lim Xy where X; € H(f 1) N C for some infinite

sequence {ri}. Now C 1is closed, so x € C. The
sequence [xi} is bounded because it is convergent and
fri - f as 1 - . Hence,
B
f(x) = Lin Y(x1) < 0,

so x € H(f). Q.E.D. (II.1.2).

(1I1.1.3) follows from (II.1l.2) and properties (I.1l.2),
(I.1.4), and (I.1.7) of the inner limit. Q.E.D. (II.1.3).

The proof of (II.1.4) and (II.1.5) depends on the

following lemmas.

Lemma II.1.6. A closed convex subset Q

of E" is equal to the intersection of countably

many closed half-spaces.

Proof. According to Berge ([1], p. 166), Q is

representable in the form Q= n Ha where o € A
acA
indexes the supporting half-spaces of Q. Since E" has

a countable basis, A has a countable subset A' with

n H = n H L] g'E'D' (110106)-
aeA' ¢ qea ©
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Lemma II.1.7. The closure of the interior

of a convex set Q with nonempty interior is

closure of Q.

Proof. Eggleston ([2], Corollary 3, p. 11). Q.E.D.
(1I1.1.7).

Now suppose that the hypotheses of (II.l.4) are
satisfied. Let x be in the interior of H(f) N C. We
claim f£f(x) < 0. 1If not, fi(x) = 0 for some component
£, of f. Now fi is nonconstant, for if it were constant
it would be identically zero. Hence, there are points y
arbitrarily close to x for which £,(y) > 0. This
contradicts the assumption that x 1is in the interior of
H(f) N C.

Now,

lim fr(x) = f(x) < 0,

r—e

SO fr(x) < 0 for r sufficiently large. Hence,
X € H(fr) NC for r sufficiently large. Therefore,

x = lim x € lim (H(£Y) N ©).

r—o r—®

Since 1lim (H(£*) N €) 1is closed and contains the interior
-+

of H(f) N C, by Lemma II.1.7, H(f) N C < lim H(fF) N c.

r—e

Hence,
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%n (H(fF) n C) ¢ ]1:—115 (H(£F) N C) < H(f) N C c lim H(fF) N c,
- - Yo
and the conclusion follows. Q.E.D. (II.1l.4).

Finally, suppose that the hypotheses of (II.l.5) are
satisfied. Suppose that £f(x) < 0 for some x ¢ C. Then
no component of £ vanishes indentically, so H(f) N C
must have empty interior. But there is an open neighborhood
U of x such that £(y) < 0 for y e U. By Lemma II.1l.7,
U intersects the interior of C so a nonempty open subset
of U 1is contained in H(f) N C. This is a contradiction.
ﬁence, the system of inequalities £(x) < 0O has no solution
X € C. Therefore, according to Berge ([1], p. 200), there
is a point 6 ¢ E' with 6 >0 and 6 # 0 such that

m

6 £(x) = = Gifi(x) >0 for all x ¢ C.

By Lemma II.1l.6, there is a sequence of affine functions

2, S gr: E" - R, such that Q consists of exactly

(s &
those points x for which gr(x) < 0 for all r. Since
gr(x),g 0 if and only if agt (x) < 0, where A 1is any
positive real number, we may assume that the coefficients
of the gr are uniformly bounded.

We define a sequence of affine functions {h¥},

n

hY: E® = R as follows:
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a1
h = 1/2 g1, nd = 1/3 &2,
h* = 1/4 gt, nd = 1/5 g2, n® = 1/6 &2,

Let i, 1< iy <m be such that 6, > 0. Let f£': E" ~E"

0’ 0
be the affine function with components

fi, if j * iy,
J r
: if § = i,.
ig 0

Then f° ~ £ because the coefficients of the gr are

uniformly bounded.
Let x € Qc H(f) N C. Then £(x) < 0 and gr(x) <0

for all r. Hence, ff(x) < 0 for all r, so

x = 1im x € lim (H(fF) N ©).

r-og r—on

Therefore, Q c lim (H(£f') N C).

r—=

Now let x € lim (H(fr) NC). Then x = lim X, where

r—ow r-ou

X, € H(ff) N ¢ for r sufficiently large. If x ¢ Q,

then gk(x) > 0 for some k. Hence, gk(xr) >0 for r

sufficiently large. Let fri} be the infinite sequence

k

Y.
of integers such that h 1= l/ri g . For i sufficiently
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ri k ri
large, h (xr ) = l/rig (xr ) > 0. Now X, € H(f *) nC c C,
i i i
so 6 -+ f£(x.) > 0. Hence,
i

0<6 hri( ) < 6 hri( ) +6 + £(x_) =6 fri( )
< X . X © f(x_ ) =6 x_ ),
io ri 10 ri ri ri

r

but this contradicts the fact that f i(xr ) < 0. Therefore,
i

x € Q. Q.E.D. (II.1l.5).

We will call an affine function £f nondegenerate with

respect to the set C if f satisfies the hypothesis of

(I1.1.4). Otherwise, f will be said to be degenerate with

respect to C. Theorems II.1.2 through II.1l.5, together
with the preceding theorems, show that if ¢ is continuous
and C 1is closed and convex, then the set function
M(P|H(f) N C) of £ 1is closed at every nondegenerate point
f (see Theorem I.2.2). Furthermore, M*(®|H(f) n C) is
continuous at a nondegenerate point £f in its domain,
provided that either ¢ 1is quasi-convex or H(f) N C 1is
bounded (see Theorems I.3.2 and I.3.3).

On the other hand, if f is degenerate, then for some
continuous ¢, M(Y/H n C) 1is not closed at £, and for
some convex ¥, £ is in the domain of M*(Y|H N C) but

this function is not continuous at f.
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Section II.2

Even though the functions M(p|H N C) and M*(¢/H N C)
need not be well behaved at a degenerate point when we
consider them as functions on the entire space of affine
functions, we can guarantee that the functions are
respectively closed and continuous at a degenerate point
f 1if we restrict their domains to a suitable subspace of
the space of affine functions. To make our results as
sensitive as possible, we will phrase them in terms of
conditions on a sequence (£¥) of affine functions converging

to an affine function £ which will insure that
lim (H(fY) N C) and 1lim (H(fF) N C) have suitable
;;:perties even thoughr~; is degenerate.

Our basic results are Theorems II.2.1 and II.2.2.
These theorems are basic only in the logical sense. The
most useful results are their corollaries, which are given
in Section II.3. The corollaries have, generally, the
same conclusions; but have hypotheses which are easier to
verify in practice.

The proofs of II.2.1 and 1I.2.2 are long and complicated.
We suggest that anyone plarning to read them first arm
himself with motivation by reading Sec. II.3.

Theorem II.2.2 asserts that under certain conditions
either 1im H(fF) = H(f) or H(f') 1is empty for infinitely

r-®

many r. This is equivalent to the condition on the

limiting behavior of the H(ET) hypothosized by Theorems
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I.3.2 and I.3.3. Furthermore it implies that lim H(fF)

r—®

is either empty or equal to H(f), which is the condition
hypothosized by Theorem I.2.2.

We have included Theorem II.2.3 for completeness.
It asserts that Theorem I1.2.2 is in some sense a 'best
possible' result.

Let
P" = (6 ¢ E'|6 >0 and 6 % 0).
If 6 ¢ P", we define the carrier of 6 by
carr 6 = (i|1l < i < m, 6; > 0}.
Let
2™ L = (6 ¢ POy +..k 0= 1).

Then Am_l is a compact subset of P™.
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Theorem II1.2.1. Let (£} and £ be

affine functions from E" to E™ with f£Ff - f.
Let C be a closed convex subset of En-

m—1 such that

Suppose that, for each 6 ¢ &
6 - £f(x) > 0 for all x € C, there is a

sequence {Gr} c Am_l such that carr 6F c
carr 6 and 6F . £ff(x) <0 for all x e C

and all sufficiently large r. Then

lim (H(fF) N C) = H(f) n C.
Y
Proof. By Theorem II.1l.2.it is sufficient to show
that H(f) N C < lim (H(£F) n ©). Suppose that

r-acn

X € H(f) N C and X ¢ lim (H(fr) N C). Then there is an

=%

€ >0 and an infinite subset I of the positive integers
such that d(xo, H(fr) NC) >e for each r € I. Hence,

if we let

N = {x e C|ld(x, xo) < %},
the system of inequalities

£(x) < 0

has no solution in N when r € I. Now N 1is a compact

convex subset of E" so, according to Berge ([1], p. 202),
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\m—l

for each r € I there is a point 6F such that

gt - fr(x) > 0, for x € N.

We may assume that 6Y is chosen so that carr 6° contains
as few elements as possible.

Since each carr 6° 1is a subset of a fixed finite set,
there is an infinite subset I' of I such that carr 6F =
carr 6° for every r, s € I'. Since Am—l is compact,
there is an infinite subset J < I' such that the sequence
{Gr}, r € J converges to a point 6 € N“_l-

The points {Or}, r € J all have the same carrier, so

. r
carr 6 c carr Y for r € J. Furthermore, since £~ - f,

6+ f(x) >0 for x e N.

Now x, € H(f) N C c H(f) and Xg € N, so

0>6 " £(xy) 20

so that 6 ° f(xo) = 0. Let x be any point in C. For

each real t let

g(t) = 6 - £((1-t)x, + tx).
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We have g(0) = 6 - f(xo) = 0. Since Xq and x are
both in C, (l—t)xO + tx e C for 0 t 1. Hence, by
the definition of N, (l—t)x0 + tx ¢ N for all sufficiently

small positive t. Thus, for all small positive ¢,
g(t) =6 - f(l—t)x0 + tx) > 0.

This, the linearity of g, and the fact that g(0) =0

imply that 6 - £(x) = g(l) > 0. We have thus shown that
6 - f(x) >0 for all x € C.

Let r be a sufficiently large element of J. Since
1

m—1

6 € A~ ~, by hypothesis there is a point & ¢ A™ such

that carr ¢ c carr 6 c carr 6° and
¢ - £fY(x) <0 for all x € C.
Hence,
(er —t¥) - ff(x) >0, for x e N and t > 0.

Since carr ¢ c carr 6%, we can choose t > 0 so that

6F — t¢F >0 and carr (6% — t¥*) c carr 6. Now

of — t¢F # 0 because Xg € N and hence (6r — t¥) . fr(xo) > 0.
Therefore, there is a X > 0 such that 6% — »t¢* ¢ a™.

But
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(6F —xt¥) - f5(x) >0 for x e N

and carr (A6F — 2 t¥) = carr (6F — t¥*) < carr 6% which
contradicts the minimality of the carrier of 6F. Q.E.D.
We will now use Theorem II.2.1 to prove a more general
result. First, we need some additional notation.
Let f be an affine function from E" to E™. The
(unique) matrix, a, such that f(x) = ax + b will be
called the matrix of f and the rank of this matrix will

£ f. If

be called the rank

I-= {’.1: o v ey ir}

is a subset of {1, ..., m}, then El will denote the

space of r-tuples of real numbers (xi s ey Xy ) indexed
1 r
on the set 1I. fI will denote the affine function from
E® to EI with coordinates (fi el fi ). If ¢ |is
1

r
a point in E", then f + ¢ will denote the affine function

with coordinates
fi + ci,

Theorem I1.2.2. Let {ff} and f be

affine functions from E° to E® with

ff - f. Let
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I=1{il]l<ig< m and £,(x) = 0 for all x € H(f)}.

Suppose that limsup (rank f;) < rank fI' Then

r—o
either
lim H(fY) = H(f)
r—w

or H(fY) is empty for infinitely many r 1in

which case

lim H(f")

r—ocn
is empty.

Proof. If H(f) 1is empty, the conclusion follows
from Theorem II.1.2, taking C = E", so we suppose that

H(f) is nonempty.

Lemma II1.2.3. Let J= {1, 2, ..., m} — I.

There is an X4 € H(f) such that fJ(xO) < 0.

Proof. By definition, for each j € J there is an
%j € H(f) such that fj(xj) < 0. Let Xg be the average

of the X5 jeJ. QE.D. (II.2.3).

I

Lemma II.2.4. There is a 6 € E such

that 6 >0 and 6 ° fI is identically zero.

Proof. For each 1 € I we will construct a 6 € EI

with 6 > 0, Gi >0, and 6 fI = 0. The sum of these
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6's will be the point required.

Let iO € I and suppose that the system of inequalitie

I

fi(x)
fi x) +1 <0
0

0, ieI, i+ io,

has a solution x € ET. Since fJ(xo) < 0, for t
sufficiently small and positive, (1 — t)xO + tx € H(f).
But Xq € H(f) so fio(xo) < 0. This and the fact that
in(X) < -1 1imply that

contradicting the fact that iy € I. Hence, the system of
inequalities has no solution. By Motzkin's Theorem there

I

exists 6 € E- with 6 > 0 such that

6 - f.(x) +6, >0 for all x e E".
I i,

Hence, 6 fI is constant. Now 6 ° fI(xo) = 0 (because

Xq € H(f)) so 6 - fI = 0. Finally,

6, =6, +6 * £ (x,) > O.
i, i, 1'%0

Q.E.D. (II.2.4).

P » e mntai s SRR e
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If H(fY) is empty for infinitely many r, we are
done. Hence, we may assume that there is a sequence
{xr} c E' with X, € H(f") for r sufficiently large.

Let k = rank f; and let I' be a subset of I
containing exactly k elements such that rank fI' = k.
Since the rank of a matrix is a lower semicontinuous

function of its coefficients,

k = rank f£1, < lim inf rank £1..

r—o

By assumption,

lim sup rank f] < rank f; = k.

r—e

Hence, for r sufficiently large,
k < rank £, < rank £f7 < k,

so that rank f;. = rank f; = k, for all large r.

Let K= {0} U I' UJ. Define affine functions h

K

and {h'} from E" to E- by

- 2 f.(x) if 1i=0,
jer' J
hi(X) -

fi(x) if 1e€1'uJ,

PR~ T 78 JENIG s ———— S S SRR G
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i ( r . o
ST (£5(x) = £5(x,)) if 1i=0,

jel'
hi (x) = \ £5(x) - f§(xr) if ie1',
f;(x) if ie€J.
\

These functions have the following properties:

(1) H(f) < H(h),
(2) H(h®) < H(fY) for r sufficiently large, and
(3) h' - h.

Statement (1) is trivial since, if x € H(f), then
fJ(x) < 0 and fI(x) = 0. To see (2), let r be so large
that X, € H(fr) and rank fi. = rank f; = k. Let

X € H(hr) and let i € I'. Then
0>hi(x) > 27 hi(x) =-h5(x) >0,
ier' 1

so f;.(x) = fi.(xr). If i 1is any element of I, then

fi-u°f11".+c

]
for some U € EI and some constant C. Hence,

£1(x) = 1 * £10(x) + C=p " £1.(x) +C= £1(x.).
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Therefore, fy(x) = fy(x.). But x_ € H(f), so fr(x.) < O.

Thus,
fI(x) < 0.
Finally,

£1(x) = h}(x) < 0,

so x € H(fY).

To prove (3) it suffices to show that
r
fI(Xr) 0.

Lemma II.2.5. For r sufficiently large,

there is a 6% ¢ EI such that 6f - fi is
constant. The sequence TR may be chosen so
that 6F - 6 (where 6 1is as in Lemma II.2.4),
in which case 6 >0 for r sufficiently

large (because 6 > 0).

Proof. Let r be so large that rank f; = rank f?.-

]
Then there is a “r € EI and a constant c® such that

e-frsur-f§.+cr.
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Now u' 1is the unique solution of a system of linear

equations whose coefficients depend continuously on f;,

SO ur is a continuous function of fi. In the limit,

6 - £, =0=0 - fI' + 0,

I
so u® - 0. Define 6F by

4
6, — puf if ie 1',

6, if ieI-1".

s T r . r S J
QuEOD_' (110205)
Now let r be so large that X, € H(f') and 6F > 0.

Let i € I. Then
0> 6] £5(x,) > 6% - £1(x.) = 6% + £1(xy)-

r .
Now 67 - £1(xq) = 6 f1(xg) =0 and 6] -6, % 0.
Therefore, f;(xr) - 0, and (3) is established.

We claim that the functions h and f{h'} satisfy the
hypotheses of Theorem II.2.1 with C = E'. Let ¢ be the

cardinality of K. Suppose that for some ¢ ¢ Aﬂ—l,
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¢ -« h(x) >0 for all xe E'. If j e J, h (xg) = £5(xg) < 0.
But x4 € H(f) < H(h), so
¢35 hy(xg) > ¢ * h(xg) 2 0.

Therefore, ¢3 = 0. Hence,

¢ - h=¢h, + 2 Ch, = 20 (¢ — P )E,.
00 jer' 11 fe1’ i 0/°1

Now ¢ - h 1is constant and the rows of the matrix of fI'

are linearly independent, so

¢& — ¢b =0 for each i ¢ I'.

Consequently, for each r,

. nr r B , _ L
¢ - h' = ¢nt + 1221' ¢;h% 1?1'“01 ¢)hi = 0 < 0,
so we may take the sequence {#*} required by the hypotheses
of Theorem II.2.1 to be constantly equal to ¢.

Now we have, by (1), (2), and Theorem II.2.1,

H(f) < H(h) = lim H(h®) = Llim H(h") < lim H(£D),

oo Y~ ) ]

so Theorem II.2.2 follows from Theorem II.1.2. Q.E.D.
(I1.2.2).



-46-

In the above argument we have tacitly assumed that I
and J are nonempty. If I 1is empty, the result reduces
to Theorem II.1.4. If J 1is empty, we take Xy to be
any point in H(f), and the above argument applies.

Observe that the hypotheses of Theorem II.2.2 place
restrictions only on the matrices of the functions fi,
not their constant coefficients. We now show that Theorem
II.2.2 is the ''best possible'" result in the sense that if
the condition on the matrices of the f; is not satisfied,
then for suitable choices of the constant coefficients of

the fr, the conclusion of Theorem II.2.2 does not hold.

Theorem II.2.6. Let f, {fr}, and I be

as in Theorem II.2.2, with f£f - f. Suppose

that H(f) 1is nonempty and that

lim sup rank f; > rank fI- Then there is a

se:;:nce fc') of points in E™ with ci =0

for i ¢ I and cf - 0 such that

lim H(EY + c¥) is a proper, nonempty subset

g;o H(f).

Proof. Let J= {1, 2, ..., m} — I. By Lemma II.2.3
there is a point X € H(f) such that fJ(xO) < 0. Define

the sequence et by

—fi(xo) if i¢ 1,

a1

0 if 1 e J.
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Then c° - 0 (because f;(xo) - fI(xO) = 0).

We have
r ¥ _ 4t _ X =
and

Lim £1(xg) = £5(x5) < O,

r—e

SO Xq € H(fr + cr) for r sufficiently large. Hence,

Xq € lim H(EE + ).
Y-

It remains to show that there is a point in H(f)

which is not in 1lim H(fr + cr). Let A denote the matrix
Y=o

of fI’ and AT denote the matrix of f;- Then

lim sup rank At > rank A,

r—o

so there is an infinite subset K of the positive integers

such that

rank Ar > rank A for all r € K.

In the following a point in Ek will be regarded as

~~

a k x 1 matrix. If M is a matrix, M will denote its

transpose. For v € Ek, v = (V’v)l/2 will denote the

usual norm in Ek.
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Let
V={ve E'lAv = 0}.

For each r € K let

I and 6 > 0}.

C. = {Xrele € E
Now V and C, are convex subsets of E". Suppose that
for all sufficiently large r € K, the sets V and C,
are disjoint. Then by Berge (1], p. 163), for each such
r € K there is a hyperplane separating V and Cr' Hence

r

there is nonzero u € En and a real number at such that

and

We may assume [luf|| = 1.

If x €V, then »x € V for any real ». Therefore,

T ox > at for all real » and x € V.

u

Hence,

u - x=0 for any x € V,
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and also

This implies that 4' 1is a linear combination of the rows

of A. That is,

for some of ¢ EI.

If I' 1is the set of indices of a
maximal linearly independent subset of the rows of A, we
may choose 6 with sup 6* ¢ I'. With this additional
restriction 6% is unique, and it is a continuous function
of u’.

Let fri} c K be an infinite subsequence such that

Y b o] -
u i, u. Then 6 ! - 6, where u = A6. The coordinates of

T
the points 6 ! are uniformly bounded since feri} is a

convergent subsequence. By Lemma II.2.4 there is a 6 € EI

with 6 > 0 and 6 - fI = 0. For A sufficiently large,
Y — i
a1 4+ )6 >0 for all i. Now A6 = 0, so

T, ; o
K61=u1.

| —
A 1 +29)

E, s _
We have A (6 ' +29) ¢ C.. so
i

r, ~r; I, _ o
dialel+r29)<calco.
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Therefore,

rs X E. _ s _ 5
0> lim u LA l(9 I+ 2A6) = W A(O + 2B) = tu = 1,
i

which is a contradiction. Consequently, Cr N V 1is nonempty

for infinitely many r € K.

r
If c.NV= {0}, then A6 =0 for some 6 ¢ gl
with 6 > 0. Therefore,

Ax = A" (x + 20) € Cr for x € E

if we take A so large that x + A6 > 0. Hence, C, is

the subspace of E" generated by the rows of AY. Now
dim V + dim C., = n — rank A + rank A > n.

This contradicts our assumption that V N C, = {0}. There-
fore, for infinitely many r € K there is a nonzero
vi e v n C. which we may assume to have norm 1.

Let {ri} c K be an infinte sequence such that |
vri - v. Then |lv|] = 1, and Av = 0. Since fJ(xo) < 0,

we may choose o > 0 so small that fJ(x0 + ov) < 0. Now

fI(x0 + ov) = fI(xo) + A(ov) = fI(xo) < 0,
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so x, tove H(f). Suppose that Xy * 7V € lim H(fr + ch).
r—o
Then X, + ov = lim X5 where X. € H(fr + cr) for r
r-om
sufficiently large.
r, r

For each 1i, let u 1= X. — Xg Then u - ov.

For i sufficiently large,

Ari uri = Ari xri - Ari Xq = f;i(xri) - f;i(xo)
= fii(xri) + c;i <0
Now vri € Cr.’ so vri = Xri Gri for some Ori > 0.
Therefore, :
Vri uri = Uri Ari uri <0 for i large-
Hence,

0>1limv “u = =Vov=o0 >0.
i—.@ e,
.

This contradiction shows that x5 + ov ¢ lim H(fr + cr).

r—ow

Q.E.D. (II.2.6).
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Section II.3

In this section we obtain a number of results which

follow quickly from the theorems of Sec. II.2. Some of

these

results have hypotheses which are considerably easier

to verify than those of Sec. II.Z2.

Corollary II.3.1. Let £ be an affine

function from E" to Em, and let cf be a

sequence of points in E" with ¢ - 0.

Then either

lim H(f + cf) = H(f)

r—e
or H(f + ch) is empty for infinitely many r.

Proof. Since the matrix of f + cr is the same as

the matrix of f, this follows at once from Theorem II.2.2.

Q-E.D.

Corollary II.3.2. Let f and ffr} be

m

affine functions from E" to E with

£° « £, Let
I={{4|]1<<i<m and f,(x) = 0 for all x e H(f)

If the matrix of fI has full rank, then

either
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lim H(£Y) = H(%)

r—o
or H(fY) is empty for infinitely many r.

Proof. Theorem II.2.1. Q.E.D.
If £f and g are affine functions from E" to E™

1
and ET , respectively, we define

H(f, g) = fx e ENIf(x) < 0 and g(x) = 0}.
Thus H(f, g) represents a constraint set defined by a
mixed system of linear equalities and linear inequalities.

Corollary I1I.3.3. Let f, {fr}, g, {gr}

]
and Em

be affine functions from En to ET

with ff -~ f and gr - g. Let C bea

convex subset of E". Suppose for every 6, ¢
with 6 ¢ E', ¢ ¢ Em', 6 > 0, for which not

both 6 and ¢ are zero and such that

6+ £f(x) >0 and 6 - g(x) = 0 for all x € C,
there are sequences {t°} of E" and 'y

of Em' such that for all sufficiently large

r we have 6% > 0, not both 6 and ¢ are
zero, 6% + f(x) < 0 and ¢ - g(x) =0 for

all x € C, and carr 6° < carr 6 and

carr £ < carr ¢. Then
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lim (H(fT, gr) nc) = H(E, g) N C.

r—e®

Proof. Let h= (f, g, —g) and hf = (f%, gr, —gr).
Then h'¥ - h and H(h) = H(f, g). Apply Theorem II.2.1.

Q.E.D.

Corollary II1.3.4. Let £, {fr}, g {gr}

]
be affine functions from E" to E® and Em

with fF - £, gr - g. Let
I={ijl<1i<n, f;(x) = 0 for all x e H(f, g)}.

Suppose that 1im sup rank (f;, gr) < rank (fI, g)-

r—e

Then either 1im H(f', g¥) = H(f, g) or

T

H(fr, gr) is empty for infinitely many r.
Proof. Let h= (f, g, —g) and hY = (fr, gr, -gr)-
Then h* - h, H(h) = H(f, g), and H(hT) = H(f%, gF). Let

I' = {ilhi(x) = 0 for all x € H(h)].
Then hI' = (fI’ g, —g) and h{. = (f;, gr, —gr). Now
rank (fI, g, —g) = rank (fI, g) and rank (f§, gr, —gr ) =

rank (fg, gr), so the conclusion follows from Theorem II.2.2.

Q.E.D.
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Corollary II.3.5. Let f£, {fr} and
g, {gr} be affine functions from E" to EV

!
and E" , respectively, with ff -~ f and

gr - g. Let

I=1f{ill<i<m and f,(x) =0 for all x cH(f, g)].

Let A be the matrix of fI and B be the
matrix of g. If the matrix (ﬁ) has full

rank, then either

lim H(ET, g¥) = H(f, g)

Y=
or H(f%, gr) is empty for infinitely many r.
Proof. Corollary I1I.3.4. Q.E.D.

Corollary II1.3.6.* Let g and {gf} be

affine functions from E° to E" with g* - g.

Let
H= {x € Emlx.z 0 and g(x) = 0}.
Let

H' = {x ¢ E%lx > 0 and gf(x) = 0.

* This result in the case where 1 1is empty and the 5
all have the same matrix was obtained by Lloyd Shapley pr?or
to the authors' proof.

.
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Let

I={rll<r<n and x. =0 for all x e H}.

If the matrix obtained from the matrix of g
by deleting those columns whose indices are
in I has full rank, then either 1im H' = H
or H° is empty for infinitely man;ﬁmr.

Proof. Corollary II.3.5 and some simple matrix

manipulations. Q.E.D.
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